An elementary derivation is given of Cabibbo's formula for subthreshold ππ charge-exchange (cx) interference in the three-meson final states produced in certain meson decays. The relative phase between the two interfering decay amplitudes from the π 0 π 0 and π + π − channels is found to depend almost entirely on the ClebschGordan coefficients appearing in the dominant isospin component of the final state. The importance of using consistent phases in the definitions of the two decay amplitudes and of the cx scattering length is illustrated for the decays of η ′ , η, and K + . Measurements of both decay spectra permit an experimental determination of the cx S-wave ππ scattering length a cx when the relative phase between the two interfering amplitudes is known, or of the relative phase when a cx is known.
Introduction
Experimental information on the S-wave ππ scattering length a I = a 0 has been obtained by studying the final-state ππ interaction in the K e4 decay K ± → π + π − e ± ν e (ν e ) ( [1] and references quoted therein). The final state contains only two strongly interacting particles, but the kinematics remains complex when four particles are present. As a result, the experimental spectrum has to be analyzed by fitting six form factor parameters besides a 0 .
Cabibbo [2] has recently pointed out that the experimental situation for studying the ππ scattering length is potentially simpler in decays such as K ± → π 0 π 0 π ± having only three particles in the final state, even when all three particles might be strongly interacting. The reason is that there are regions of the three-body phase space (or Dalitz plot) where two of the pions (denoted π 1 and π 2 below) are moving together with a small relative momentum. When the pion pair has a total charge of zero, it can exist in two different charge states: π + π − ≡ +− and 2π 0 ≡ 00, with the +− threshold 9 MeV above the 00 threshold. The decay into the 00 channel can occur directly, as in Fig. 1(a) , or after a charge-exchange (cx) rescattering from the +− channel, as in Fig. 1(b) . Cabibbo shows that below the higher threshold, the direct decay amplitude M(00) and the cx amplitude from M(+−) interfere coherently in the form M < = M(00) + 2|k|a cx M(+−).
(
Here
is the relative momentum of the +− pair of squared center-of-mass energy s 3 = (p 1 + p 2 ) 2 , with k = i|k| below its own threshold at s 3 = s 3± , and
is the S-wave cx scattering length calculated with Clebsch-Gordan (CG) coefficients having the standard Condon-Shortley phases. Measurement of the resulting interference allows a cx to be extracted, provided that the relative phase between the two decay amplitudes as well as their magnitudes are known in the threshold region. This interference effect has already been obtained by Meissner [3] several years ago.
The purpose of this paper is to give a simple derivation of the interference formula in order to determine the relative phase between the two decay amplitudes that controls whether the interference is constructive or destructive. Illustrative applications will be made for certain three-meson decays of the η ′ , η and K + mesons. 
Derivation of the interference formula
We begin by noting that for the elastic scattering of two pions each of mass m, the S-matrix takes the form (equation (37.29) of Schiff [4] ):
where |α = |k α is the unperturbed plane-wave state normalized to
At nonrelativistic (NR) energies, the kinetic energy of relative motion is
Hence the S-matrix element is
where k α = k β = k, and
is the scattering amplitude.
The total effect in a given final direction from initial states in different directions is
The term 1 inside the square brackets comes directly from the unperturbed plane wave, while the second term gives the total rescattering contribution from all angular directions. At low energies where the S-wave contribution f 0 ≈ −a (scattering length) dominates f , we find the angular total
The factor k inside the parentheses comes from the k 2 factor in the phase space d 3 k. The right-hand side contains the first two terms of the expansion exp(2iδ 0 ) ≈ 1 + 2iδ 0 .
A rather similar result can be written down for the meson decay M → π 1 π 2 m when the pion pair has a total charge of 0. Two decay channels are then possible, containing either a π 1 π 2 = 00 or a symmetrized pion pair
The region between the higer +− threshold and the lower 00 threshold is inside the Dalitz plot for the 00 decay branch, but outside it in the +− branch. Hence the subthreshold interference between these two decay channels occurs only for the 00 decay branch.
The decay amplitudes are functions of the Dalitz variables [5] 
Here T i = E i − m i is the kinetic energy of the ith final-state particle,
is the decay Q-value (in the rest frame of the decaying meson of mass M), and
are square invariant masses. Relativistic kinematics gives a mean square invariant mass of final-state pairs of
Our x, y parameters differ by a sign from those used by the Particle Data Group [6] so that the +− channel opens as y increases beyond its threshold at
The charged (neutral) pion mass is denoted m + (m 0 ).
Let us first suppose that the main part of the M → ππm decay strength is analytic ("a") in the Dalitz variables x and y. It may be expanded in a Taylor-Weinberg [8] series about the center ρ = 0 of the Dalitz plot:
where the coefficients a, b, c, d are those defined in [7] . The "direct" contribution from Fig. 1(a) is the "analytic" part M a (x, y; 00) of the direct decay amplitude into the 00 channel, defined as the decay amplitude where the last interaction is not the cx scattering contained in Fig. 1(b) . It is in general a complex quantity. The additional cx rescattering amplitude from Fig. 1(b) is then
where E = E +− , k is the relative momentum (2) in the (+−) s state, and
The symbol M a ((+−) s ) denotes a decay amplitude averaged over the solid angleΩ of k = p 1 − p 2 , i.e., averaged over x at constant y. It is evaluated at the momentum k ′ given by energy conservation:
Hence the total decay amplitude is
where
is evaluated at the energy E 1 + E 2 = M −E 3 of the rescattering pion pair. The momentum factor k controlling the threshold behavior again comes from the phase space d 3 k. The effect of the pion mass difference m + − m 0 is included in k ′ , but not in a cx . The second term inside the parentheses in equation (21) differs slightly from Cabibbo's result [2] of −πika cx R Cab .
Below the +− threshold, k = i|k| is purely imaginary. Hence the two decay amplitudes are real relative to each other, and they add coherently, as explicitly displayed in equation (1) . Above the +− threshold, on the other hand, k is real. The two decay amplitudes then add incoherently to give a total decay strength
that is analytic in the Dalitz variables. This shows that the analytic background strength |M a (00)| 2 can be determined from the experimental decay spectrum above the +− threshold. When extrapolated to below threshold, this background strength must first be converted into a decay amplitude with an appropriate phase φ, before being used to analyze the subthreshold data to extract the scattering length a cx in an iterative scheme.
We shall show in the next section that the relative phase is almost completely determined by the CG coefficients of the dominant isospin component of the final state.
Relative phase between the interfering decay amplitudes
The local ratio R of the two analytic decay amplitudes M a near the +− threshold depends on both the dynamics which may be charge-dependent and on the isospin CG coefficients in the final state that is certainly charge-dependent. The situation is simplest when the decay mode has only two pions, as in η ′ → ππη. The final-state pion pair is then predominantly an I, I z = 0, 0 state with only a small admixture (|α| ≪ 1) of the I = 2 state:
Hence
Thus the relative phase needed is controlled by the CG coefficients of the dominant isospin component (here I = 0), except for a small contribution ∆φ from isospin mixing, electromagnetic effects, and a difference in the rescattering phase shifts in the two channels. The α dependent factor in |R| representing mixing and other dynamical effects on the decay strength can be included by normalizing R to the experimental decay branching ratios. For this purpose, we need to count the relative number n ± of final states between the two branches (charged over neutral branches) in the dominant isospin I = 0 state. With only one pion pair in η ′ decay, n ± = 2 agrees with the local ratio
All CG coefficients used in this paper have the standard Condon-Shortley phases, thus ensuring that all states are phase consistent with one another. Since a cx < 0 for cx S-wave ππ scattering in the chosen phase convention, the subthreshold factor 1 + 2|k|a cx R from equation (21) gives an interference that is constructive. This physical result depends only on the product a cx R that is independent of the phase convention used for the CG coefficients. This is because when the phase convention is such that R η ′ (CG) is positive, a cx defined in equation (19) will also change sign.
The other two decays studied here involve three pions in the final state. Following Bouchiat and Meyer [9] , we find a dominant energy-dependent decay amplitude by using a symmetrized Weinberg expansion involving a π 1 π 2 pair state with isospin I 12 = 0:
where S is a symmetrizer. Each of the parameters α and β contains both |∆I| = 1/2 and |∆I| = 3/2 contributions that do not have to be separated. The energy-independent term proportional to α involves the totally symmetric 3π state |S; 1, 1 of Källén [10] .
Since π 3 = π + , the final three-pion state near the +− threshold is described by the terms involving |−++ , |+−+ , and |00+ . Hence the decay amplitude ratio near a +− threshold is
where we have not included the additional mixing and the additional phase ∆φ appearing in equation (26). The factor
is just the ratio of two (generalized) CG coefficients appearing in |S; 1, 1 . Its phase agrees with the value used by Bouchiat and Meyer [9] and other authors ( [11] and references quoted therein). An extra factor of √ 2 appears in R K+ (CG) because of the use of the symmetrized state (+−) s . It is a consequence of the fact that each (+ − +) state contributes to the interference near both (00+) and (+00) thresholds, but it counts as only one state for the decay rate. Hence the ratio of the numbers of decaying states in the decay rates [(+ − +) over (00+) branches] is
Finally, the energy-dependent factor shown in the decay amplitude ratio (28) is just the average of the energy dependence for the separate amplitudes going to the (+ − +) and (− + +) states. Hence it can be expressed, to a good approximation, in terms of the decay energy spectrum for the (+ − +) branch when symmetrized with respect to the two pions π 1 and π 2 .
The same analysis can be repeated for η, K 
The resulting decay amplitude ratio near a +− threshold is
The result agrees with Holstein's [12] , while the energy-independent terms are those from the totally symmetric 3π state |S; 1, 0 of Källén [10] . The coherent threshold effect is thus reduced by CG coefficients alone to only 1/6 that of K ± decays. The same energy dependence appears in the decay rates, while the ratio of the numbers of decaying states is
It thus appears that when experimental decay spectra and branching ratios are used in the data analysis, all charge dependent and rescattering effects will be included, except for the small dynamical change ∆φ in the relative phase angle φ in the decay amplitude ratio R. This small but unknown phase change will not be included in the following illustrative applications.
4 Illustrative applications to η ′ , η and K + decays
The size of the threshold effect can be displayed by plotting the decay strength near the +− threshold at y = y ± . Following Cabibbo [2] , we shall illustrate the expected interference structure by using available experimental decay spectra, the experimental value of the S-wave ππ scattering length [1] a 0 m + = 0.216 (13),
the theoretical value [13] of
and the theoretical relative phase of φ = π found in section 3.
It is now convenient to change our notation slightly by expressing the experimental 00 decay spectrum in the usual form
relative to the center of the Dalitz plot, using experimentally fitted coefficients. The corresponding decay spectrum f ± for the +− channel differs in both fitted parameters and Dalitz variables x ′ , y
defines the analytic continuation of the direct decay amplitude. The total decay amplitude can then be expressed in units of M a (x = 0, y ± ) aŝ
In these formulas,
is the ratio of the analytic decay amplitudes into the +− and 00 branches, with the latter evaluated at the y ± threshold. The relative normalization
takes care of the different energy dependence in the two decay channels, while
A 00
normalizes the amplitude ratio R (if energy independent) to the ratio of experimental branching ratios B i . Here ... Dalitz stands for the average over the area of the Dalitz plot, and A i is the Dalitz area for the decay branch i. The +-to 00 ratio n ± of the number of decaying states in the dominant isospin component is 2 (2/3, 4) for η ′ (η, K + ), as specified in section 3.
The decay η
The experimental data have been fitted to the form
The fitted slope parameter is α = −0.058(13) for the 00 decay branch [14] , and α ± = −0.08(3) for the +− branch [15] . These slopes are roughly consistent with charge symmetry. 2 gives the resulting decay strength along the y axis of the Dalitz plot without (dashed curve) and with (solid curve) the non-analytic S-wave cx rescattering contribution. We see that the subthreshold interference (∆|M| 2 between the two curves) is about 14% above the background at m mid ≡ m 0 + m + , midway between the two thresholds. The interference is constructive. If α ± = α = −0.058 is used instead, the interference structure is decreased by 0.7% to 13% above the background. This shows that the interference method for determining a cx is quite sensitive to the quality of the input data.
The decay
The analysis for η → 3π 0 is very similar, except for differences in the slope parameter and in the decay amplitude ratio that now contains the R η (CG) = − √ 2/3. This CG factor alone reduces the subthreshold interference to 1/6 the strength seen in
To plot the threshold behavior, we use the slope parameter measured by Tippens et al. [16] who fit decay data to the form
The fitted experimental value α = −0.031(4) is very small. The spectrum for the + − 0 branch is usually fitted to the standard form (36). The slope parameter a turns out to be near -1, thus giving a small and uncertain decay strength in the +− channel in the subthreshold region near y ′ mid where m 00 = m mid , as shown in table 1. (The parameter a contributes very little to the decay rate because the Dalitz area is almost symmetric in y ′ .)
Note that the theoretical spectral function f ± is nonnegative, but one of the Table 1 Some experimental slope parameters and relative decay strengths f ± for the η → π + π − π 0 decay. The underline slope parameters are fixed at the given values and not fitted. ∆|M| 2 gives the size of the interference structure above the no cx-recattering background at m 00 = m mid . Fig. 3 . The dependence on the π 0 π 0 invariant mass m 00 of the decay strength |M| 2 for the decay η → 3π 0 near the m 00 = 2m + threshold of the π + π − π 0 branch with/without S-wave charge-exchange rescattering.
experimental fitted decay spectra used in the table extrapolates to a negative value in the nonphysical region below the +− threshold. This should not be allowed to happen in an actual data analysis of subthreshold interference.
The decay strength along the y axis calculated for the Abele spectrum is shown in Fig. 3 without (dashed curve) and with (solid curve) the non-analytic Swave cx rescattering contribution. It shows a subthreshold interference that is only 1.3% above the background at m mid . The values for the other decay spectra are given in the table in the column ∆|M| 2 . It thus appears that the subthreshold interference is not prominant in η decay, and that our present experimental knowledge of the +− decay spectrum near the +− threshold is not sufficient to give a reliable estimate of the size of this interference.
The experimental decay spectrum for K + → 3π is consistent with the form
with the subscript 3 denoting the "odd" pion: π + in the 00+ branch and π − in the + − + branch. The experimental parameters [7] for these two branches are, respectively, g = 0.638 (20) , h = 0.051 (13) , k = 0.004 (7);
In our notation for the (+−) s + branch, one of the π + s is chosen to be π 3 , while the remaining two pions of opposite charges are symmetrized. Hence we need for the cx amplitude the nonstandard symmetrized expression
where u = u 3 , v = v 3 , and the u i , v i are related to one another as follows:
The resulting interference structure along the y-axis (where s 2 = s 1 ) is shown in Fig. 4 (a) without (dashed curve) and with (solid curve) S-wave cx scattering. We find a large cusp structure of constructive interference that is 47% above the background at m mid . The result is very sensitive to the decay spectrum in both decay channels.
In contrast, both Meissner [3] and Cabibbo [2] find a "knee" of destructive interference there. By changing the sign of R(CG), I get a destructive interference that is about 38% below the background at m mid . I have also been able to roughly reproduce Cabibbo's result by using g = g + = −0.2154, with all other spectrum parameters set to zero and with Cabibbo's phase, namely R(CG) = −R K+ (CG). The result is shown in Fig. 4(b) . The interference effect is 20% below the background at m mid , in good agreement with Cabibbo's Fig.  2 .
Conclusion
A transparent derivation is given of Cabibbo's formula for the determination of the charge-exchange scattering length a cx using subthreshold ππ interference between the two coupled channels in the meson decay M → π 0 π 0 m. The relative phase between the interfering decay amplitudes from the π 0 π 0 m and π + π − m channels that controls the nature of the interference is found to depend almost completely on certain isospin Clebsch-Gordan coefficients of the pions in the final state. Its sign is found to agree with that used by Bouchiat and Meyer [9] , but opposite to that apparently used by Meissner [3] and by Cabibbo [2] . As a result, the subthreshold interference is found to be constructive and not destructive. Estimates are given of the general magnitudes of this subthreshold interference in the three-meson decays of η ′ , η and K ± mesons.
The inclusion of additional decay amplitudes of different permutation symmetries and isospins, and of electromagnetic and rescattering effects will change the relative phase by an additional amount ∆φ. The lack of knowledge of its value represents the main limitation in this interference method of extracting the charge-exchange ππ scattering length a cx . Measurements of both decay spectra permit an experimental determination of a cx when the relative phase between the two interfering amplitudes is known, or of the relative phase when a cx is known.
Finally, I should add that threshold cusps in nuclear cross sections are sometimes called Wigner cusps because he first pointed out their existence [20] . Some references to the older literature can be found in Newton [21] . Bugg [22] has recently reinterpreted some "resonances" as threshold cusps.
This work gives an answer to Ben Nefkens' question on the size of Cabibbo's subthreshold interference in η and η ′ decays. I am indebted to him for several helpful discussions.
